A FINITE TIME RESULT FOR VANISHING 
VISCOSITY IN THE PLANE WITH NONDECAYING 

VORTICITY 

ELAINE COZZI 

Abstract. Assuming that initial velocity has finite energy and 
initial vorticity is bounded in the plane, we show that the unique 
solutions of the Navier-Stokes equations converge to the unique 
solution of the Euler equations in the L°°-norm uniformly over 
finite time as viscosity approaches zero. We also establish a rate 
of convergence. 



1. Introduction 

We consider the Navier-Stokes equations modeling incompressible vis- 
cous fluid flow, given by 

{dtVu + v^, ■ Vvy - uAvi, = -Vpu 
div v^ = 
v^\t=o = v1, 

and the Euler equations modeling incompressible non- viscous fluid flow, 
given by 

{dtv + V ■ Vv = —Vp 
div v = 
v\t=o = v^. 

In this paper, we study the vanishing viscosity limit. The question 
of vanishing viscosity addresses whether or not a solution v,^ of (NS) 
converges in some norm to a solution v of (E) with the same initial 
data as viscosity tends to 0. 

The vanishing viscosity problem is closely tied to uniqueness of so- 
lutions to the Euler equations, because the methods used to prove 
uniqueness can often be applied to show vanishing viscosity. One of 
the most important uniqueness results in the plane is due to Yudovich. 
He establishes in [18] the uniqueness of a solution {v,p) to (E) in the 
space C{R+; L'^{R'^)) x L^,(M+; L'^{R'^)) when f° belongs to L'^{R'^) and 
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belongs to Lp(R^) fl L°°(]R^) for some p < oo. For this uniqueness 
class, Chemin proves in [2] that the vanishing viscosity limit holds in 
the L^-norm uniformly over finite time, and he establishes a rate of con- 
vergence. (In fact, the author only considers the case p = 2; however, 
the proof of the result can easily be generalized to any p < oo.) 

In this paper, we consider the case where initial velocity belongs 
to L^(]R^), while initial vorticity is bounded and does not necessarily 
belong to Lp{M?) for any p < oo. The existence and uniqueness of solu- 
tions to (E) with nondecaying vorticity and nondecaying velocity was 
proved by Serfati in pjj. Specifically, the author proves the following 
theorem. 

Theorem 1. Let v° and co^ belong to L°°(M?), and let c G M. For 

every T > there exists a unique solution {v,p) to (E) in the space 
L°°([0,T];L°°(R2)) X L°°([0,T];C(M2)) with to e L°°([0, T]; L°°(R2)), 

p(0) = c, and with ^^j^ — > as |a;| oo. 

\x\ 

The author also shows that the velocity satisfies the estimate 
(1.1) \\v{t)\\L^ < C||t;°||Looe^^ll"°ll^°°*. 

For the main result of this paper, we assume that initial velocity 
belongs to L^(]R^) rather than L°°(M^); however, the boundedness of 
the initial vorticity combined with finite energy of the initial velocity 
imply that the initial velocity is bounded (see Lemma H] and Remark 
13.21) . Therefore our solutions to (E) satisfy the initial conditions given 
in Theorem [H We can conclude from Theorem [1] that the velocity 
remains bounded as time evolves. Moreover, in Section [2] we show that 
energy is conserved when v'^ is in L^(R^) and uj^ is in L°°(]R^), so that 
the solution v to (E) belongs to L^c(M+; L'^iR'^) n L°°(R2)). 

We prove that if belongs to ^^(R^) and belongs to L°°(R2), then 
the unique solutions of the Navier-Stokes equations converge to the 
unique solution of the Euler equations in the L°°-norm uniformly over 
finite time as viscosity approaches zero (see Theorem [2]). This result 
improves upon a previous result in [6j in the sense that here we show 
convergence for finite time, whereas in [6] we show convergence for short 
time only. In [6] , however, we do not assume initial velocity belongs to 
L^(R^); rather we make the weaker assumption that initial velocity is 
in L°°(R^). Despite the different assumptions placed on initial velocity, 
the strategy for proving this result will follow the strategy of [H]. 

In [6] we consider low, middle, and high frequencies of the difference 
between the solutions to (NS) and (E) separately. For both low and 
high frequencies we are able to show convergence in the L°°-norm on 
any finite time interval. For low frequencies, we utilize the structure of 
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mild solutions to (NS) as well as the structure of Serfati solutions to 
{E). For high frequencies, we apply Bernstein's Lemma and Calderon- 
Zygmund theory. For the middle frequencies, in [6] we are only able 
to show that convergence holds for short time. To do this we localize 
the frequencies of the vorticity formulations of (NS) and (E), and we 
consider the difference of the two resulting equations. We are then able 
to reduce the problem to showing that there exists To > such that the 
vanishing viscosity limit holds in the Besov space oo(-^^) uniformly 
on[0,r]. 

We apply a similar approach here; however, in this case we use dif- 
ferent methods along with the additional assumption that v'^ G L^(R^) 
to show that the vanishing viscosity limit holds in the ^^-norm uni- 
formly over any finite time interval. Combining this new estimate with 
the estimates from [6J for the low and high frequencies, we are able to 
extend our previous short time result to a finite time result. 

We begin the proof of the main result as in [6] . Specifically, we define 
SnV = x(2~"D)t', where x is identically 1 on the unit ball and outside 
of the ball of radius two, and we write 

ll'Wi^ — 'i^||L°=([0,T];L°°(K2)) < 1 1 — v) 1 1 ioo([o,T];L°°(R2)) 

(1.2) +\\{S^-S^r.Kv — 'L')||l°°([0,T];L°°(R2)) 

+ - S^{Vy - 'u)||loo([o,t];L°°(K2)). 

Letting n be a function of v so that as n approaches infinity, v tends 
to 0, we show that each of the three terms in (11.21) converges to as n 
approaches infinity. The estimates of ||S'_„(fy — f)||L°o([o,T];L°°(R2)) and 
— S'„)(fi^ — ^^)||l°o([o,t];L°°(r2)) both follow from a straightforward 
application of Bernstein's Lemma. The first estimate uses the mem- 
bership of and v to L°°([0,T]; L^(R^)), and the second relies on the 
membership of and u to L°°([0, T]; L~(M2)). 

To estimate the L°°-norm of {Sn ~ S^r^ivy — v), we initially follow 
the approach given in [B]. We observe that this term has Fourier sup- 
port in an annulus with inner and outer radius of order 2~" and 2^, 
respectively. Breaking this support into 2n smaller annuli, we use the 
definition of the Besov space B^ ^ (see Section [2]) to conclude that 

(1.3) ||(5„ - 5_„)(t;, - v){t)\\Lo. < Cn\\{v, - v){t)\\so^^^ 

for each t > 0. We proceed to show that Vi, converges to v in the 
B^ j^-norm on any finite time interval as viscosity approaches (see 
Lemma [7]). It is in this proof that we deviate from the methods of 
Specifically, we replace an argument using Gronwall's Lemma with an 
argument relying on Osgood's Lemma. We closely follow the proof in 
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[2j which demonstrates that the vanishing viscosity hmit holds in the 
energy norm uniformly over finite time when initial velocity belongs to 
L2(M2) and initial vorticity belongs to L'^{R'^) n L°°(R2). 

The paper is organized as follows. In Section [2], we introduce the 
Littlewood-Paley theory, Bony's paraproduct decomposition, Besov 
spaces, and some useful technical lemmas. In Section [3l we discuss 
properties of solutions to (E) with nondecaying vorticity. In Section H] 
and Sectional we state and prove the main result; we devote Section 
O entirely to showing that the vanishing viscosity limit holds in the 
^So,oo-norm. 

2. A Few Definitions and Technical Lemmas 

We first define the Littlewood-Paley operators (see |T7] for further 
discussion of these operators). We let (p G S'(M'^) satisfy supp (p C & 
: f < 1^1 < §}, and for every j G Z we let (fj{0 = '/'(2~^0 (so 
(^j(x) = 2^'^(p{2^x)). Observe that, if \j — j'\ > 2, then supp (fj fl supp 
Iff = 0. We define ipn G S'(]R'^) by the equality 

for all G M'^, and for / G S"(]R'^) we define the operator Snf by 

Snf = tpn* f- 

In the following sections we will make frequent use of both the ho- 
mogeneous and the inhomogeneous Littlewood-Paley operators. For 
/ G S"(M'^) and j G Z, we define the homogeneous Littlewood-Paley 
operators by 

4/ = * /' 

and we define the inhomogeneous Littlewood-Paley operators by 

r 0, j<-i, 

[ Vj * f, j > -1- 

We remark that the operators Aj and A^ coincide when j > 0, but 
differ when j < —1. 

In the proof of the main theorem we use the paraproduct decompo- 
sition introduced by J.-M. Bony in [1]. We recall the definition of the 
paraproduct and remainder used in this decomposition. 
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Definition. Define the paraproduct of two functions / and g by 

oo 

i<j-2 

We use R{f, g) to denote tlie remainder. g) is given by tlie follow- 
ing bilinear operator: 

R{f,g)= E ^if^39- 

|i-il<i 

Sony's decomposition then gives 

fg = Tjg + TJ + R{f,g). 
We now define the homogeneous Besov spaces. 

Definition. Let s G M, (p, g) G [1, cxd] x [1, oo). We define the homoge- 
neous Besov space 13 ^^^iM!^) to be the space of tempered distributions 
/ on such that 




< OO. 



When q = oo, write 



^.^:=sup2^^||A,/||^,. 



We also define the inhomogeneous Zygmund spaces. 

Definition. The inhomogeneous Zygmund space C^(]R'^) is the set of 
all tempered distributions / on M'^ such that 

||/||c.-= sup 2^'^||A,/|Uo. <oo. 
i>-i 

It is well-known that C^(M'^) coincides with the classical Holder space 
C^(M'^) when s is not an integer and s > (see for example [3]). 

We will make frequent use of Bernstein's Lemma. We refer the reader 
to [3], chapter 2, for a proof of the lemma. 

Lemma 1. (Bernstein's Lemma) Let ri and r2 satisfy < ri < r2 < 
oo, and let p and q satisfy I < p < q < oo. There exists a positive 
constant C such that for every integer k , if u belongs to L'^(M.'^), and 
supp u C B{Q,ri\), then 

(2.1) sup Wu\\l, < C*^A'+^(p~i)||ii||LP. 

\a\=k 
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Furthermore, if supp u C C(0, riA, r2A), then 

(2.2) C~^\''\\u\\lv < sup WO^uUlp < C'X^WuWlp. 

\a\=k 

As a result of Bernstein's Lemma, we have the following lemma re- 
garding the homogeneous Besov spaces. 

Lemma 2. Let u G S"(]R'*), s G M, and p,q E [1, oo]. For any /c G Z 

there exists a constant Ck such that whenever \a\ = k, 

I I I ' J^T^ n III \ I I I l_D^ „ 



We also make use of the following technical lemma. We refer the 
reader to [7] for a detailed proof. 

Lemma 3. Let v he a divergence- free vector field with vorticity uj, and 
let V and u satisfy the relation Vv = VV"'"A~-'^u;. Then there exists an 
absolute constant C such that for all j G Z, 

3. Properties of solutions to the Euler equations with 

nondecaying vorticity 

In this section, we discuss properties of solutions to (E) with nonde- 
caying vorticity. We begin by proving a result giving Holder regularity 
of solutions to (E) with initial velocity and initial vorticity in L°°(M^). 
Specifically, we prove that under these assumptions on the initial data, 
the corresponding solution to (NS) or (E) belongs to the Zygmund 
space Ci(M2). 

Lemma 4. Let v be the unique solution to (E) given by TheoremUl 
with bounded initial vorticity and bounded initial velocity. Then the 
following estimate holds: 

\\v{t)\\ci < C||t;°||Looe^^ll""ll^°°* + C||u;°| 



Proof. Write 



\\vmcl < C\\Sovit)\\Loo + snp2^\\Ajv{t)\\Lo.. 

We first use Young's inequality combined with (11.11) to bound the low 
frequency term. For the high frequency terms, we apply Bernstein's 
Lemma and the uniform estimate on the L°°-norm of the vorticity given 
in (13.41) below to bound the supremum by C| loj^l l^cx). This completes 
the proof. □ 



VANISHING VISCOSITY FOR NONDECAYING VORTICITY 7 



We now address the question of energy conservation when belongs 
to L°°(M^) and belongs to L^(R^). As mentioned in Section [T], with 
these assumptions on the initial data, Theorem [1] guarantees that the 
solution V to (E) belongs to L^^(]R+; L°°(R2)). However, in [T^ the 
author does not assume G L^(R^) and therefore does not address 
the issue of energy conservation when vorticity is nondecaying. For this 
we prove the following lemma. 

Lemma 5. Assume belongs to L^(]R^) and belongs to L°°(R^). 
Then the solution to (E) given by Theorem \^ satisfies \\v{t)\\L2 = 
||w°||l2 for all t > 0. 

Proof. In [Hj, when the author proves existence of a solution {v,p) 
to (E) satisfying the assumptions of Theorem [1], he assumes and 
a;° belong to L°°(M^), and he uses the sequence {SnV^} to generate 
a sequence of smooth solutions {{vn,Pn)} to (E) with initial velocity 
Snv'^. The author then proceeds to prove that the sequence {vn} is 
uniformly bounded in VF^gf ([0, T] x M^) for p G (2 + e, oo), e > 0. Using 
a standard diagonalization argument, one can construct a subsequence, 
which we henceforth denote as {vn}, converging to v in W;]j'^([0, T] xM^) 
for q < p. To complete the proof, the author passes to the limit in (E) 
written in weak form to show that {v,p) solves (E). (We refer the 
reader to p3] for the details of this argument.) 

To prove Lemma [5l we use the same sequence {f„} of smooth solu- 
tions as that used in [H], but we now assume that also belongs to 
L^(R^). In this case we have, for each t > and for each n, 

where C is an absolute constant. Therefore, for each fixed t, there 
exists a subsequence {f„^(t)} converging weakly in L^(R^) to v{t) with 
||'^(^)||l2 < C||t'°||L2. Moreover, by the argument in [14j, {fn^} con- 
verges to the solution v of (E) in Lf^^{[0, T] x R^). This implies {vn^ (t)} 
converges to v{t) weakly in L^(f2) for each bounded set C R^ and for 
almost every t G [0,T]. Using uniqueness of weak limits we can con- 
clude that v(t) = v{t) for almost every t in [0, T]; thus the weak solution 
V generated from initial data belongs to (R+; L'^{R'^) n L°°(R2)). 

To complete the proof of Lemma [5l we use a result proved by Duchon 
and Robert in [8j. In |8], the authors show that weak solutions v to 
(E) in L;^^^(R+; L^(R^)) conserve energy if 

(3.1) D,iv){t,x) = ] [ V<P\y)-5v{t){6v{t)fdy 
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approaches in T>'{{0, T) x M^) as e approaches 0, where is a standard 
molhfier on M?, = ), and Sv(t) = v{t, x + y) — v{t, x). 

To see that | f^2 V0^(y) ■ 5v{t){5v{t)Ydy approaches for the solu- 
tions in Lemma[5l we utihze the membership of v to L^J^'^\ C^(M^)). 
Taking into account the support of 0, we can write 

1 



WcP%y)-5v{t){5v{t)Ydy 



< C 



\y 



e 



,iV<l>)i-)-Svit)i5v{t)y 
e 



dy 



where we used Lemma|l]to get the last inequality, and C and Ci depend 
only on the initial data. This completes the proof of Lemma O □ 

Remark 3.2. We remark here that we can revise the proof of Lemma S] 
to show that 

(3.3) \\v{t)\\ci < C\\v^\\l^ + C\\uj^\\l^. 

To do this we simply apply Gronwall's Lemma and Young's inequality 
to the low frequencies, and use energy conservation to get the series of 
inequalities \\Sov{t)\\Lo^ < C\\v{t)\\L2 = C\\v'^\\l2. We also point out 
that an estimate identical to (13. 3p holds for by the argument given 
in the proof of Lemma H] combined with the fact that the energy of 
Leray solutions to [NS) is nonincreasing over time. 

Finally, we will need a uniform bound in time on the L°°-norms of 
the vorticities corresponding to the solutions of (NS) and (E). For 
fixed > 0, we have that 

(3.4) \Mt)\\Lo^ < 

for all t > 0. One can prove this bound by applying the maximum 
principle to the vorticity formulations of (NS) and (E). We refer the 
reader to Lemma 3.1 of [TT] for a detailed proof. 

4. Statement and Proof of the Main Result 

We are now prepared to state the main theorem. 

Theorem 2. Let Vy he the unique Leray solution to (NS) and let v 
he the unique solution to (E), hoth with initial data in L^(M^) and 
io^ in L°°(M^). Then there exist constants C and Ci, depending only 
on the initial data, such that the following estimate holds for any fixed 
T > and for any a G (0, 1).- 

(4.1) ||t;.-t^||L-([0,T];L-(R2)) <C(T+l)(v^)"^"''^". 
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Proof. To establish the resuh, we apply a similar strategy to that used 
to prove Theorem 3 in [B]. We let Vu and v be the unique solutions 
to (NS) and (E), respectively, satisfying the assumptions of Theorem 
121 In what follows, we let Vn = SnV and a;„ = SnUj{v). We have the 
following inequality: 

— 'y||L°=([0,T];L°°(R2)) < \\S^niv^ — "w) | |l°°([0,T];L°=(IR2)) 

(4.2) +\\{Id-S^n){v 

We will estimate each of the three terms on the right hand side of the 
inequality in (14.21) . We begin with the third term. We use the definition 
of Vn, Bernstein's Lemma, Lemma [31 and (13. 4p to obtain the inequality 

(4.3) ||(/rf- 5'__„)(i;„ - i;)||loo([o_t];L-'(i;2)) < C2""| |loo 

for any T > 0. To bound the first term on the right hand side of (14. 2p . 
we use the fact that the Fourier transform of S-n{viy — v) is supported 
on a ball of radius 2~", along with Lemma [5] and Bernstein's Lemma, 
to conclude that 

(4.4) \\S^n{vu-v)mL^ < C2-^'\\S^rXv.~vm\\L2 < C2-^\\v^\\l2 

for every t > 0. It remains to bound the second term on the right hand 
side of (1121), given by \ \{Id - S_n){vu - ^^n) I |l-([o,t];L°°(ir2)). We prove 
the following proposition. 

Proposition 6. Let and v he solutions to (NS) and (E), respec- 
tively, satisfying the properties of Theorem Then there exist con- 
stants C and Ci, depending only on the initial data, such that the 
following estimate holds for any fixed a G (0, 1) and T > 0, and for 
sufficiently large n: 

(4.5) \\{Id-S^n){v, - i;n)||L^([o,T];L-(R2)) < C(T + 1)2""-"''^" . 

Remark 4.6. In the proof of Proposition [6l we let u = 2"^". Therefore, 
the dependence of the right hand side of (14.51) on u is hidden in its 
dependence on n. 

Proof. We begin with the series of inequalities 

\\{Id-S.n){Vu-Vnm\\L^<\\ {Id - Sn) {v. - t^n) (t) 1 1 L» 
(4.7) +\\iSn- S^n)iv^-Vn)it)\\L^ 

< C2~- 1 Uoc + Cn| I (^;, - v^) (t) \ \ ^o^_^ . 

The second inequality follows from an application of Bernstein's Lemma, 
Lemma [31 and (13.41) . 
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To bound \ \{vi, — Vn){t)\\^o , we need the following lemma, whose 
proof we postpone until the next section. 

Lemma 7. Let Vy and v he solutions to (NS) and (E), respectively, 
satisfying the properties of Theorem [H Then there exist constants C 
and Ci, depending only on the initial data, such that the following 
estimate holds for any fixed a G (0, 1) and T > 0: 

^n|lL-([0,T];i3O^,^(M2)) 



""nllLa^ffO.TliBO _(]R2)) < C(T + 1)2 



Since a G (0, 1) is arbitrary, we can write 

n\\Vv — 'f^n||Loo([o,T];BO„ ,^(R2)) < C{T ^ 1)2 

for sufficiently large n. Combining this estimate with the estimate 
given in (14. 7p yields Proposition [61 □ 

To complete the proof of Theorem [2], we combine (14.21) . (14.41) . Propo- 
sition [6], and (14. 3 p to get the following estimate for fixed T > and for 
sufficiently large n: 

UK - ^)||loo([o,t];L-(m2)) < C(T + 1)2-"°^"''^". 

Using the equality n = — \ log2 we obtain (14. ip . This completes the 
proof of Theorem [21 We devote the next section to the proof of Lemma 

m □ 

5. Proof of Lemma [7] 
We begin with some notation. For the proof of Lemma [3, we let 

U)r, = UJy- UJn and Vn = Vy - Vn- 

We recall the following estimate, which is proved in Section 5 of [B]: 

dt\\Ut)\U^<c{\\ Vn'^u{'t)\\BO + lkVa;n(^)|lBO 
^^■^^ +||T„(t;,t^)(t)||^o +sup2-^||[A,-,^;„- VK 

where 

Tn{v,Uj) = rniv,u) - (f - Vn){uJ - UJn), 

and 



rn{v,uj) = J tp{y){v{x-2 » - v(x))(a;(x - 2 ""y) - uj{x))dy. 
We observe that 

wvnimBo < cwv^mL^ < c(iit^°iu2 + ik^iUoo) 
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by Remark [3l2| and we define A = 1 + C(| |f °| 1^2 + | l^oo) witli C as 
in Remark 13.21 If we define by 



m = < 1, 

tlien, dividing both sides of (15.11) by A, we see that 
C 

(5.2) ^ ^'^ . 

+ 1 1 T„ (t. , U;) (t) 1 1 ^0 + sup 2-^ 1 1 [Aj , Vn ■ V]uJn (t) 1 1 L- ) • 

To complete the proof of Lemma [3, we estimate each term on the right 
hand side of (15. 2p . To bound ||v„a;,^(t)|Uo , we observe that is 

OCjOC 

continuously embedded in ^ and that the L°°-norm of vorticity is 
uniformly bounded in time by (13.41) to write 

(5.3) \\Vn^u{t)\\BO^^ < C\\Vn{t)\\LA\^^\\L^ ■ 

To estimate the L°°-norm of Vn{t), we use (14. 4p . Bernstein's Lemma, 
Lemma [31 and (13.41) to write 

(5.4) 

\\Vn{t)\\L^ < \\S-n{Vu - Vn){t)\\L^ + ||(S'„, - S-n){Vi, - Vn){t)\\L^ 

+ \\{Id~Sn){v.-Vnm\\L^<C2~^ + C\\ (5„, - 5_„) {v, - i;„) (t) | ^o. . 
Combining (15.31) and (15. 4p gives 

(5.5) wvnuj.m^o^^^ < C2-" + cwiSn - s^^)iv, - v^mwi-- 

To bound //||Vc<j„(t)|| ro , we again use Bernstein's Lemma, the defi- 
nition of Un, and (13.40 to conclude that 

00,CX3 

If we let u = 2~^", we obtain the inequality 

(5.6) i/||Va;„(t)||^o < C2-"||a;°|Uoo. 

oo ,oo 

Finally, we estimate ||r„(t',a')(t)||^o . We begin by estimating \ \{v — 
Vn) (uj — Un) (t) 1 1 no . We again use the embedding L°° ^ 5° , Bern- 

oo,oo ' 

stein's Lemma, Lemma [3l and (13. 4p to infer that 

,,(t; - Vn)iuj - uJn){t)\\BO < \\{v - Vn){iO - a;„)(t)||ioo 

^5 7^ oo,oo 
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In order to bound ||r„(t',a')(t)||rj() , we use the membership of v to 

oo , oo 

L^^(R+; C"(]R^)) for any a G (0, 1), as given by Lemma HJ to write 

(5.8) \v{t,x - 2~''y) - vit,x)\ < C2"^''\yn\vmc^. 

Since is integrable, we can apply (15.81) and Holder's inequality 

to estimate rn{v,u>). We conclude that 

(5.9) \K{v,u;){t)\\^o < C2-""||a;0|Uo.||t;(t)||c. < C2-"-, 

oo,oo 

where we used Remark 13.21 to get the last inequality. Combining (15.71) 
and (15.91) yields 

(5.10) \\r4v,uj){t)\\^o^^^<C2~^-. 
Combining (Q with ([53]), ([51]), and (ISIOD gives 

dtSnit) < ^{2-^"+\\{Sn-S^n){v,-Vn)mL^ 

(5.11) ^ . . 

+ sup2-^||[A„t;„- V]u;„(t)||Loo), 

where C depends only on the initial data. To estimate \ \{Sn — S^n){v,y — 
Vn)(t)\\L°^, we let p, q E (1, oo) satisfy ^ + ^ = 1, and we observe that 

(5.12) 

1 

\\{Sn- S-,,){v,~Vn)mL^ < I] I I (t^n) (t) 1 1 £00 1 1 A, (i;„) (t) 1 1 

j=-n 

"11 

+ ^||A,(^„)(t)||£^||A,(z;„)(t)||l^ 

1/0 1 " _ 1 

< IKimlo E 2'||A,(t;„)(t)||£, + 5^2l^||i;„(t)|||, 

\j=-n j=l 
1 

1 - 2~P 

where we used Bernstein's Lemma to get the second inequality and 
Lemma[5]to get the third inequality. For the last inequality, we bounded 
ll'^ri(^)||Bi with C||a;°||Loo using Lemma [J] Lemma [3] and (13. 4p . and 



OO oo ^ ^ * -'-^rvn rvn / 'rv 
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we bounded — with Cp, where C is an absolute constant. Com- 

1-2 P 

bining fl5.12p and (15. lip gives 



C 



1 



dt6n{t) < -r 2-""+p||t;„(t)||' +sup2-^||[A„t;„- VK(t)|Uo 

A \ oo,oo 

< ^2-"° + ^Snit)-^ + ^sup2-^||[A„t;„ ■ V]c^„(t)|Uo.. 
Since A > 1, we can write 



(5.13) C ■ 

+ — SUp2 ^\\[Aj,Vn-V]u}n{t)\\Loo. 

A jgz 

It remains to bound the commutator term on the right hand side of 
(I5.13p . We prove the following lemma. 

Lemma 8. Let v be the unique solution to (E) satisfying the condi- 
tions of Theorem Then the following estimate holds for any pair 
{p, q) G (1, oo) X (1, oo) satisfying i + i = 1.- 

(5.14) sup2-^||[A„t;„-VK(t)||ioo <cf2-'^ + p||t;„(t)|||„ \ , 
where C depends only 071 1 1 1 1 i^oo and 1 1 CJ roc , 

Proof. Throughout the proof, to simplify notation we will often omit 
the time variable t. When t is omitted from a calculation, it is assumed 
that t is fixed throughout that calculation. 

We first use Bony's paraproduct decomposition to write 

2 

(5-15) 

To bound the L°°-norm of the first term on the right hand side of 
(I5.15p . we consider the cases j < and j > separately. For j > 0, we 
use the definition of the paraproduct and properties of the partition of 
unity to establish the following equality: 

j+4 

(5.16) [A,,T,„aj= Yl [A„Sy.i{v„)]A,,d^. 

j'=max{l,j-4} 

We then express the operator Aj as a convolution with Lpj, write out 
the commutator on the right hand side of (15.161) . and change variables. 
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This yields 
(5.17) 

||[Aj,r„„9m]cD„||Loo < ^ \\ (f{y){Sj'^iVn{x-2~^y) 

j'=max{l,j— 4} 

-S'j/_it;„(x))Aj/amCl;„(x - 2"^?y)d?/| l^oo 

i+4 „ 
< X] 2-''"-'||5'j/_iV^;n||L°°||Aj/aj„||Loo / \(p{y)\\y\dy 

j'=max{lj-4} 

i+4 / , j'-2 

<C\\vn\\lo Y] 2^'-^2^'||A,vt;„||£^ V ||AzV^;„|Uc 

j'=max{l,j-4} \ i=— 1 

We bound ||AiVv„||Loo by ||f||L2 + ||t^||L°= for each I using Remark 

and we bound 1 1 Aj/v^l |£oo by 2 p 1 1 Ajva;„| |£oo using Bernstein's Lemma. 
We can then write 

1 

\\[^j,T^„dm]^n\\L^ < \\Vn\\lo (II^IIl^ + ||^||l-') 

(5.18) X Yl 2^-'-^2^"||A,,^J|£.5^2— 2V 

j'=max{l,j-4} V l<j' 

< C2mVn\\lo {\\v\\l2 + ||u;||Loc)||a;, 



We bound H'wUlz, ||a;||ioo, and ||a;„||£oc, using Lemma E] and fl3.4p . and 
we bound — ^—r by Cp, where C is an absolute constant. We then 

1-2 P 

multiply by and take the supremum over j > 0, which gives 

snp2~'\\[Aj,T,„d„,]un{t)\\L^ < CpllvnimL ■ 

For the case j < 0, we apply a different strategy. We first reintro- 
duce the sum over m and expand the commutator. We then use the 
properties of our partition of unity, the assumption that j < 0, and 
the divergence-free assumption on v to establish the following series of 
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inequalities: 

2 2 2 

||[Aj,rt,^9m,]Wn||L°° < ^ ^ ||'9mAj(S'j'_i^;„Aj/a'„)||ioo 
m=l m=lj'=l 
2 2 

(5.19) + XI X] I l'S'j'-it^nAj/Aj(9mCc'„| \loo 

m=l j'=l 
2 

< C ^ ^ S-'l |f I |j;,cx) 1 1 Aj/Wnl I Loo, 

i'=i 

where we applied Bernstein's Lemma to get the factor of 2^ in the last 
inequality. We bound ||A with 2^ \ \Aj'Vn\\L°°, again by Bern- 

stein's Lemma, we multiply (15.191) by 2~\ and we take the supremum 
over j < 0. This gives 

2 

sup 2"^ \ \[Aj,Ty^dm\iOn\\L°- < C\\v\\L^\\Vn\\L°° ■ 

■' m=l 

We now bound ||f||L°° using Remark 13.21 We estimate the L°°-norm 
of Vn as in (15.41) and we apply (I5.12p to conclude that 

sup V2-^||[A„r,„a„]u;„(t)|Uoo <C2-" + Cp||t;„(t)|||„ . 
i<o 

We now estimate the L°°-norm of [Aj, Tg^.t^njcj^. We write out the 
commutator and estimate the L°°-norm of Aj(Td,^iz,„Vn) and Tg^^.-^Vn 
separately. By the definition of the paraproduct and by properties of 
our partition of unity, we have 

(5.20) 

\\TdmAjO„^n\\L°^ = II Sl-idmAjUJnAlVn\\L°° 
1>1 



< y2 \\Sl-ldrrAjUJnAiVn\\L°- < C\\AjUJn\\L°- sup \\AiVVn\\L°° 
/=max|l j) 

< C2^\\AjVn\\L^ sup 1 1 A, Vf „ 1 1 LOO 

l>l 

where we applied Bernstein's Lemma and took the sum to get the sec- 
ond inequality. We multiply (I5.20p by 2~^ , and we take the supremum 
over j G Z. This yields 

SUp2-^||rg^^^^^f„(t)||L- < (^||t^n(t)||L-|kn(t)||ci < C'l |t;„(t) | |l- , 
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where we applied Remark 13.21 to get the last inequality. We bound 
||^n||L°° using (15.41) and fl5.12p . We conclude that 

snp2-^\T,^^ VnmL^<C2-- + Cp\\vnmlo ■ 

Moreover, since the Fourier transform of Si^idm^On^iVn has support in 
an annulus with inner and outer radius of order 2', we have for j > 

(5.21) 

||Aj(ra^^„t;„)||Loo = \ \Aj(^ Sl-idmU)n^lVn)\\L^ 

1>1 

j+4 

< Yl J]22'=2-'||Afcz;„||i.o||A;Vt;J|i.o < C2^^||t;„|Uoo||cu°|Uoo, 

;=max{l,j-4} k<l 

where we used Bernstein's Lemma to get the first inequality, and we 
used Lemma [3] and (13. 4p to get the second inequality. For the case 
j < 0, \\Aj{Tg^Q^Vn)\\L°° is identically 0. Therefore (I5.2ip still holds. 
We again bound H-UnllL"" using (15. 4p and (15.120 . we multiply (I5.2ip by 
, and we take the supremum over j G Z, which yields 

sup2-^||A,(Ta,„^„t;„)(t)|U^ < C2-" + Cp||t;.(t)|||„ . 

To estimate the remainder, we again expand the commutator and 
consider each piece separately. We break Vn into a low-frequency term 
and high-frequency term, and we consider | \Aj{dmR{{Id—S2)vn, t^n))| 
We have 



sup 2 mAj{d„iR{{Id- S2)Vn,UJn))\\L° 

jez 



|l°° I l^^l^nl 

l>0 i=-l 

1 

< CJ2 Yl 2-('-^)||A,_,(/d- 52)V^„||ioo2'||A;t;„||i^||A,t;„||i 



1 i_ 

p 



l>0 i=~l 



< C\\vn\\% V V 2-^'-'^\\Ai.,{Id-S2)Vvn\\L^2'2-i\\AiUn\\l 

l>0 i=-l 

where we repeatedly used Bernstein's Lemma. We use Lemma |3] and 
(13.40 to bound \ \Ai_i{Id — S2)'Vvn\\L°° and | jA^tLinl l/^oo by ||a;°||2,oo and 
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<3 



sum over / to conclude that 

sup A j{dmR{{Id - S2)Vn,U!n))\\L^ 

CXD,CXD 2 p OC,CX3 

To bound the low frequencies, we again apply Bernstein's Lemma 
and the definition of the remainder term. We write 

1 

sup2"^||Aj(9m-R(S'2^;„,a'n))||L-' < 1 1 A;_i5'2t;n| |l-> 1 1 A;a;„| |l°o 

< C||f ||Loo||t;„||ioo. 

The last inequality follows from the bound ||A/a;„||ioo < | |AiV^| l^cx), 
Bernstein's Lemma, and the observation that / < 3. We now bound 
11^11^00 using Remark [3^2] and we bound ||^)n||L°° using (15.41) and (I5.12p . 
This yields 

sup2"^||Aj(5„i?(S'2V„,a;„))(t)||Loo 

3& 



<C2-^\Cv\\vn\ 



1 



It remains to bound sup^g^ 2~-' | |9mi?(fn, Aja)„))| |loo. Again we break 
Vn into a low-frequency and high-frequency term. We first estimate 
the high-frequency term. We reintroduce the sum over m and utilize 
the divergence-free property of v to put the partial derivative dm on 
ujn- We then apply Bernstein's Lemma to conclude that for any fixed 

jez, 

(5.22) 

^||i?((w-s'o)t;:r,A,a„(^„))||Loo <c '^''%^k^<\LA\N^i^n 

m \k~l\<l 

< C sup ||AfcVt;„||L°°||Aju;„||Loo < ||t)||ci2^||^;„||Loo. 

The second inequality above follows because for fixed j > 0, we are 
summing only over / satisfying \l — j\ < 1, while for fixed j < 0, we are 
only considering / satisfying — 1 < / < 1. We now multiply ( ]5.22p by 
2"-', and we take the supremum over j G Z, which yields 

sup2-^' V||a^/?((/d-5oX,A,a;„))(f)||z.oo < C||t;„(t)|Uco 



<C2-^ + Cp\\vn{t)\A 



BO ' 

oc ,oo 
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where we used (15 ■4p and (15.121) to bound ||'i^n(0lli°°5 we used Re- 
mark [32] to bound ||f (t)||(7i. For the low-frequency term, we again use 
the divergence-free condition on Vn to write 

sup V I |a„i?(S'o<, A,cD„) I 

<SUp2"^ ^ \\AkSoVn\\L°-2'^^\\AjAiVn\\L°- < C\\v\\L^\\Vn\\L°°. 
^^'^ \k-l\<l 

To get the first inequality, we bounded 1 1 Aj^mCUnl with 1 1 Aj(9m V^)n| |l° 
and applied Bernstein's Lemma. The second inequality follows from 
the observation that we are only considering k < 1, and therefore, by 
properties of our partition of unity, we are only considering j < 3. As 
with previous terms, we use Remark 13.21 to bound ||f||L°o and we use 
(15.41) combined with (15.121) to bound ||v„||loo. We conclude that 



sup 2-^ Yl WdmRiSov^:, A.CUn) (t) I |l° 



m 

1 

I 1 



< C2'^ + Cp\\vnm' 

This completes the proof of Lemma [HI □ 

Combining (I5.13P with (15.141) and using the property that A > 1 
gives 

dt5n{t) < C ^2-"° +p5„(t)^ + -M\Vn{t)\\' 

(5.23) V A 
<c(2-""+p5„(t)i). 

To complete the proof we closely follow an argument in [2]. We let 
p = 2 — \og 6n{t) so that (I5.23P reduces to 

(5.24) dtdnit) < C (2-"" + (2 - log5„(t))(4(t))'"™^) . 
We now observe that 

1 

where we used the equality <5„(t) = e to obtain the last inequality. 

We then see that (15.240 reduces to 

dMt) < C (2-"" + (2 - \og5n{t))6^{t)) . 
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Define the function by yu(r) = r(2 — logr). Tlien, integrating witli 
respect to time, we get 

Sn{t) < 5„(0) + C2-"-t + C r fi{6r,{s))ds 
(5.25) , 

<ll^n(0)||^o +C2-""t + c/" fii6nis))ds, 

oo ,00 / 

JO 

wfiere we used tliat 5„(0) = - — < ||^„(0)||^o since ^4 > 1. 

We now use tfie embedding L°° ^ 13^ ^, the definition of Vn, and 
Bernstein's Lemma to conclude tliat 

||^n(0)||BO^_^ <C||z;„(0)||ioo 

^^•26) < C^2-^||A,a;°||ioo < C2-"| |a;°| j^oo. 

We combine f l5.26p witli fl5.25p . Tliis yields 

6n{t) < C2-""(t +l) + C [ fi{6n{s))ds. 

Jo 

We now recall Osgood's Lemma. A proof of the lemma can be found 
in [3]. 

Lemma 9. Let p be a positive borelian function, and let he a locally 
integrable positive function. Assume that, for some strictly positive 
number (3, the function p satisfies 

p{t)<P+ [ -f{s)p{p{s))ds. 

J to 

Then ^ 

-0(p(t)) + 0(/?)< / ^{s)ds 

J to 

where 0(a;) = Jl^^''^- 

We recall that we are working on a fixed time interval [0, T] and we 
assume n is large enough to ensure that C2~"°(T + 1) < e^. We let 0, 
p, 7, and /3 be given by the following: 

= log(2 - logx) - log2, pit) = 5n{t), lit) = C, 

and (3 = C2-"°(T + 1). 

Applying Osgood's Lemma, we have that for any t < T, 

- log (2 - log 6n{t)) + log (2 - log(C2-""(r + 1)) < Ct. 
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Taking the exponential twice gives 

5n{t)<e^-^^-''\C{T+l)2- 

Multiplying both sides by A yields the result. This completes the proof 
of Lemma [71 
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